For a multiplier (2-cocycle) σ on a discrete group G we give conditions for which the twisted group C * -algebra associated with the pair (G, σ) is prime or primitive. We also discuss how these conditions behave on direct products and free products of groups.
Introduction
In this paper, G will always denote a discrete group with identity e. The full group C * -algebra associated with G, C * (G) is simple only if G is trivial, but other aspects of its ideal structure are of interest. Recall that a C * -algebra is called primitive if it has a faithful irreducible representation and prime if nonzero ideals have nonzero intersection. Primeness of a C * -algebra is in general a weaker property than primitivity. However, according to a result of Dixmier [9] , the two notions coincide for separable C * -algebras. Furthermore, recall what the icc property means for G -that every nontrivial conjugacy class is infinite, and its importance comes to light in the following theorem.
Theorem A. The following are equivalent: (i) G has the icc property.
(ii) The group von Neumann algebra W * (G) is a factor.
(iii) The reduced group C * -algebra C * r (G) is prime. The equivalence (i) ⇔ (ii) is a well known result of Murray and von Neumann [19] , while (i) ⇔ (iii) is proved by Murphy [18] . Murphy also shows that the icc property is a necessary condition for primeness of C * (G). Therefore, for the class of discrete groups, primeness and, in the countable case, primitivity, may be regarded as C of W * (G), this is also equivalent to W * (G) being the hyperfinite II 1 factor if G is nontrivial, according to Connes [8] .
In the present paper, Theorem A will be adapted to a twisted setting where pairs (G, σ) consisting of a group G and a multiplier σ on G are considered. We will show that the reduced twisted group C * -algebra C * r (G, σ) is prime if and only if every nontrivial σ-regular conjugacy class of G is infinite, and say that the pair (G, σ) satisfies condition K if it possesses this property. It was first introduced by Kleppner [13] , who proves that this property is equivalent to the fact that the twisted group von Neumann algebra W * (G, σ) is a factor. The main part of our proof is to show that (G, σ) satisfies condition K if and only if C * r (G, σ) has trivial center, and this argument is, of course, inspired by the mentioned works of Kleppner and Murphy. As a corollary, we get that primeness of the full twisted group C * -algebra C * (G, σ) implies condition K on (G, σ). The converse is not true in general, but at least holds if G is amenable, as the full and reduced twisted group C * -algebras then are isomorphic. Thus, if G is countable and amenable, condition K on (G, σ) is equivalent to primitivity of C * (G, σ) by applying Dixmier's result. This fact is also explained by Packer [21] with a different approach. On the other hand, no examples of nonprimitive, but prime twisted group C * -algebras are known, so it is not clear whether we need the countability assumption on G.
In the last two sections we will investigate primeness and primitivity of the twisted group C * -algebras of (G, σ) when G = G 1 × G 2 and when G = G 1 * G 2 . The free product case turns out to be easier to handle in general, since the corresponding C * -algebra always decomposes into a free product of the two components. For direct products, however, the multiplier σ on G can have a 'cross-term' which makes a C A significant part of this work, especially Section 2, was accomplished when I was a student at University of Oslo, and is also included in my master's thesis. I am indebted to Erik Bédos for his advice, both on the thesis and on the completion of this paper.
I would also like to thank the referee for several useful comments and suggestions. must hold for all elements a, b, c ∈ G.
Definition. Any function σ : G × G → T satisfying (2) is called a multiplier on G, and any map U : G → U (H) satisfying (1) is called a σ-projective unitary representation of G on H.
The lift of a homomorphism G → P U (H) up to U is not unique, but any other lift is of the form βU for some function β : G → T. Therefore, two multipliers σ and τ are said to be similar if
for all a, b ∈ G and some β : G → T. Note that we must have β(e) = 1 for this to be possible. We say that σ is trivial if it is similar to 1 and call σ normalized if σ(a, a
Moreover, the set of similarity classes of multipliers on G is an abelian group under pointwise multiplication. This group is the Schur multiplier of G and will henceforth be denoted by M(G). Also, we remark that multipliers are often called 2-cocycles on G with values in T, and that the Schur multiplier of G coincides with the second cohomology group H
(G, T).
Let σ be a multiplier on G. We will briefly explain how the operator algebras associated with the pair (G, σ) are constructed and refer to Zeller-Meier [24] for further details. First, the Banach * -algebra ℓ 1 (G, σ) is defined as the set ℓ 1 (G) together with twisted convolution and involution given by
for elements f, g in ℓ
1
(G), and is equipped with the usual · 1 -norm.
Definition. The full twisted group C * -algebra C * (G, σ) is the universal enveloping algebra of ℓ 1 (G, σ). Moreover, the canonical injection of G into C * (G, σ) will be denoted by i (G,σ) or just i G if no confusion arise.
For a in G, let δ a be the function on G defined by
Then the set {δ a } a∈G is an orthonormal basis for ℓ 2 (G) and generates ℓ
Note in particular that
Definition. The reduced twisted group C * -algebra and the twisted group von Neumann algebra of (G, σ), C * r (G, σ) and W * (G, σ) are, respectively, the C * -algebra and the von Neumann algebra generated by λ σ (ℓ
If τ is similar with σ, then in all three cases, the operator algebras associated with (G, τ ) and (G, σ) are isomorphic.
Moreover, there is a natural one-to-one correspondence between the representations of C * (G, σ) and the σ-projective unitary representations of G. In particular, λ σ extends to a * -homomorphism of C * (G, σ) onto C * r (G, σ). If G is amenable, then λ σ is faithful. However, it is not known whether the converse holds unless σ is trivial.
Following the work of Kleppner [13] , an element a in G is called σ-regular if σ(a, b) = σ(b, a) whenever b commutes with a, or equivalently if
for all b commuting with a whenever U is a σ-projective unitary representation of G. If σ and τ are similar multipliers on G, it is easily seen that a in G is σ-regular if and only if it is τ -regular. Furthermore, if a is σ-regular, then cac If G has the icc property, then (G, σ) always satisfies condition K. If G is abelian, or more generally, if all the conjugacy classes of G are finite, then (G, σ) satisfies condition K only if there are no nontrivial σ-regular elements in G. Example 1.1. For n ≥ 2, let Z n denote the cyclic group of order n. Then M(Z n × Z n ) ∼ = Z n and its elements may be represented by multipliers σ k given by 
and that the multipliers are, up to similarity, determined by
. Note that the C * -algebras associated with the pair ( where Q θ denotes the vector space over Q spanned by {1, t 12 , t 13 , t 23 }.
For n ≥ 4, the situation is more complicated. In particular, condition K on (Z n , σ θ ) does not only depend on the dimension of Q θ . For example, if t 12 = t 34 is some irrational number in [0, 1) and t ij = 0 elsewhere, then dim Q θ = 2, and (Z 4 , σ θ ) satisfies condition K. On the other hand, if t 12 = t 23 = t 34 = 1 − t 14 is some irrational number in [0, 1) and t 13 = t 24 = 0, then dim Q θ = 2, but it can be easily checked that ( 
is σ θ -regular.
Example 1.3. For each natural number n ≥ 2 let G(n) be the group with presentation
is sometimes called the free nilpotent group of class 2 and rank n.
In a separate work, we will calculate the multipliers of G(n) and show that
Note that G(2) is isomorphic with the discrete Heisenberg group and this case is already investigated by Packer [20] . To describe our result in the case of G (3), we first remark that G(3) is isomorphic to the group with elements a = (a 1 , a 2 , a 3 , a 4 , a 5 , a 6 ), where all entries are integers, and with multiplication defined by 
Primeness and primitivity
Henceforth, we fix a group G and a multiplier σ on G. Consider the right regular
To simplify notation in what follows, we write just ρ and λ for ρ σ and λ σ . It is straightforward to see that λ(a) commutes with
for all a, c ∈ G and all ξ ∈ ℓ 2 (G). In particular,
for all a ∈ G.
Remark 2.1. The vector δ e is clearly cyclic for W * (G, σ). It is also separating. Indeed, if xδ e = 0, then
for all a ∈ G. Moreover, the state ϕ given by ϕ(x) = xδ e , δ e is a faithful trace on W * (G, σ). Thus, W * (G, σ) is finite and is therefore a II 1 factor whenever G is infinite and (G, σ) satisfies condition K, according to Theorem B.
Lemma 2.2. Let T be an operator in W *
(G, σ) and set f T = T δ e . Then the following are equivalent:
Moreover, f T can be nonzero only on the finite conjugacy classes.
Proof. The operator T belongs to the center of
for all a ∈ G. Thus T belongs to the center if and only if f T = λ(a)ρ(a)f T for all a ∈ G and the desired equivalence now follows from (3) . If a function f satisfies (ii), then |f | is constant on conjugacy classes. Since f T belongs to ℓ 2 (G), it can be nonzero only on the finite conjugacy classes. 
(ii) There is a function f : G → C satisfying:
Moreover, f can be chosen in ℓ 
This clearly holds if C is trivial, so suppose C is nontrivial and σ-regular and fix an element c in C. Define a function f : G → C by
First we show that f is well-defined, so assume aca
, and note that
As c is σ-regular and commutes with a
Together, we get from these equations that
Finally, the two identities
Combining (5) and (6) we get that
Hence f is well-defined, so f (aca
).
It is easily seen that |f (x)| = 1 for all x in C. In fact, if f is any function satisfying (ii), then |f | must be constant and nonzero on C, hence f belongs to ℓ 2 (G) if and only if C is finite.
In particular, f (c) = 1 in our case, so f satisfies part 2 of (ii)
Next,
which, since xb = bc, gives that
Hence
Before stating the main theorem, we recall two results which are part of the folklore of operator algebras. The first can be shown as sketched in the proof of [18, Proposition 2.3] , while the second is a rather easy consequence of Urysohn's Lemma. Remark that together these two results imply that if A is von Neumann algebra, then A is prime if and only if it is a factor. 
Proof. For completeness, we include the few lines required to prove (i) ⇒ (ii): Suppose (G, σ) satisfies condition K and let T belong to the center of W *
for all a ∈ G, where the identity (6) is used to get the fourth equality.
The proof of the following corollary goes along the same lines as the one given in [18, Proposition 2.1] in the untwisted case.
Proof. Observe that the set {λ(a)} a∈G is linear independent in C * r (G, σ), and the universal property of C * (G, σ) ensures that there is a surjective * -homomorphism λ(a) . Hence, {i G (a)} a∈G is also linear independent and has dense span in C * (G, σ). Therefore, the result follows by replacing i G with λ in the proof of Theorem 2.7, and repeating the argument for (iii) ⇒ (iv) ⇒ (i) word by word. Remark 2.9. In general, the center of C * (G, σ) is not easily determined. However, a slightly stronger version of Corollary 2.8 is known in the untwisted case. If C * (G) has trivial center, then G/H is icc whenever H is a normal subgroup of G satisfying Kazhdan's property T (see e.g. [14] ).
Corollary 2.10 ([21, Proposition 1.4]). Assume G is countable and amenable. Then the following conditions are equivalent:
Proof. If (G, σ) satisfies condition K, then C * r (G, σ) is prime by Theorem 2.7. As G is countable, C * r (G, σ) is separable and hence primitive by Dixmier's result. Now, the amenability of G implies that C * (G, σ) ∼ = C * r (G, σ), so C * (G, σ) is also primitive. Finally, (ii) always implies (i) by Corollary 2.8. However, this does not hold for all countable, amenable groups. For example, if G is the group of all finite permutations on a countably infinite set, then G is countable, amenable and icc, so C * (G) is primitive and nonsimple. Remark 2.13. Note that C * r (SL(3, Z)) is known to be simple [5] , so Remark 2.11 and 2.12 show that primitivity of a full twisted group C * -algebra is in general unrelated to simplicity of the corresponding reduced twisted group C * -algebra. Proposition 2.14. The following conditions are equivalent:
Proof. This is well known in the untwisted case. The result in the twisted case appeared in a preprint by Bédos and Conti [2] , but was left out in the final version. For the convenience of the reader we repeat the argument. First, (i) ⇒ (ii) follows from [22, Corollary 3.9] . The implication (ii) ⇒ (iii) holds since every quotient of a nuclear C * -algebra is nuclear. Moreover, the von Neumann algebra generated by a nuclear C * -algebra is injective, hence (iii) ⇒ (iv). Finally, if W * (G, σ) is injective, it has a hypertrace and thus G is amenable by [1, Corollary 1.7] , so (iv) ⇒ (i).
According to [8] , all injective II 1 factors acting on a separable Hilbert space are isomorphic to the hyperfinite II 1 factor. Hence, we get the following corollary.
Corollary 2.15. Assume G is countably infinite. Then the following conditions are equivalent: (i) G is amenable and (G, σ) satisfies condition K.
(ii) C * (G, σ) is nuclear and primitive. 
Direct products
Let G 1 and G 2 be two groups. A function f : (a 1 b 1 , a 2 ) = f (a 1 , a 2 )f (b 1 , a 2 ) and f (a 1 , a 2 b 2 ) = f (a 1 , a 2 )f (a 1 , b 2 ) for all a 1 , b 1 ∈ G 1 and a 2 , b 2 ∈ G 2 . Let B(G 1 , G 2 ) denote the set of bihomomorphisms G 1 × G 2 → T. This is a group under pointwise multiplication and is isomorphic with Hom (G 1 , Hom(G 2 , T) ).
It is well known (see e.g. [15] ) that the Schur multiplier of
We will only need to know the following. Let (σ 1 , σ 2 , f ) be a triple where σ 1 and σ 2 are multipliers on G 1 and G 2 , respectively, and f belongs to B(G 1 , G 2 ).
Then we can define a multiplier σ on
for a 1 , b 1 ∈ G 1 and a 2 , b 2 ∈ G 2 , and it can be shown that every multiplier on G 1 × G 2 is similar to such a σ. When σ is a multiplier on G 1 × G 2 , we let σ 1 be the multiplier on G 1 defined by
for a 1 , b 1 ∈ G 1 and call it the restriction of σ to G 1 . Similarly we can define the restriction σ 2 of σ to G 2 . Henceforth, we fix two groups G 1 and G 2 , multipliers σ 1 on G 1 and σ 2 on G 2 , and a bihomomorphism f in B(G 1 , G 2 ) . We set G = G 1 × G 2 and let σ be the multiplier on G defined by (7) . Moreover, we write σ = σ 1 × σ 2 if f = 1.
It is convenient to record the identity (8) which follows directly from (7) . Note also that C is a conjugacy class of G if and only if C = C 1 × C 2 where C 1 and C 2 are conjugacy classes of G 1 and G 2 , respectively.
Proposition 3.1. The following are equivalent:
(ii) For every finite nontrivial conjugacy class C of G, there exist a = (a 1 , a 2 ) in C and b = (b 1 , b 2 ) in G such that at least one of these conditions hold:
Proof. Suppose that condition (ii) does not hold. Then there is a finite nontrivial conjugacy class C such that both 1. and 2. fail for all a in C and b in G. Hence, C 2 be a finite nontrivial σ-regular conjugacy class of G. If b 1 in G 1 commutes  with a 1 in C 1 , then (b 1 , e) commutes with (a 1 , a 2 ) for every a 2 in C 2 . Hence, the σ-regularity of C and identity (8) give that f (b 1 , a 2 ) = σ 1 (a 1 , b 1 )σ 1 (b 1 , a 1 ) whenever a belongs to C and b 1 in G 1 commutes with a 1 . Similarly, a 2 ) whenever b 2 in G 2 commutes with a 2 . It follows that for all a in C and b in G, both 1. and 2. fail to hold, hence condition (ii) is not satisfied. (ii) a i is σ i -regular for both i = 1 and 2. , e) , we see that a 1 is σ 1 -regular. Similarly, f (a 1 , b 2 ) = 1 and a 2 is σ 2 -regular.
Moreover, (iii) is equivalent to:
commutes with a. Then the following are equivalent:
(i) C is a finite nontrivial σ-regular conjugacy class of G.
(ii) C i is a finite σ i -regular conjugacy class of G i for both i = 1 and 2 and at least one of C 1 and C 2 is nontrivial. a 2 ) be such that f (a 1 , b 2 ) = f (b 1 , a 2 ) whenever b = (b 1 , b 2 ) commutes with a. Then at most one of the following two conditions hold:
(ii) a belongs to a finite nontrivial conjugacy class of G. 
The result now follows from the fact that a spatial tensor product of two C * -algebras is simple if and only if both involved C * -algebras are simple (see [12, 11.5.5-6] ).
The only positive result on primitivity so far in this paper concerns countable, amenable groups. However, Corollary 2.10 relies on Dixmier's result that is not constructive in the sense that it does not give a procedure to construct an explicit faithful irreducible representation.
In some cases, one may construct faithful irreducible representations of C * (G, σ) through an inducing process on representations of C * (G 1 , σ 1 ). Proof. Without loss of generality we may assume that G 1 is amenable. Then C * (G 1 , σ 1 ) is nuclear by Proposition 2.14 so the minimal and maximal tensor products of C * (G 1 , σ 1 ) and C * (G 2 , σ 2 ) coincide. According to [11, Section 3] , there is a unique isomorphism 
Free products
In some sense, free products are easier to treat than direct products, since the Schur multiplier decomposes nicely. Indeed, let G 1 and G 2 be two groups. Then we have that (see e.g. [6, page 51])
Let σ 1 be a normalized multiplier on G 1 and σ 2 a normalized multiplier on G 2 . Following [16, Section 5], we will explain how to obtain a normalized free product multiplier σ 1 * σ 2 on G 1 * G 2 .
Every nontrivial element x in G 1 * G 2 can be uniquely written as a reduced word x = x 1 x 2 · · · x n , for which the letters with odd index belong to G i and the letters with even index belong to G j for i = j. Define the length function as l(x) = l(x 1 x 2 · · · x n ) = n and l(e) = 0. If l(x), l(y) ≤ 1, we write x ⊥ y if either x = e or y = e or else if x is in G i and y is in G j for i = j.
Let s(x) and r(x) denote the first and last letter of a nontrivial word x and set s(e) = r(e) = e. For a pair of words (x, y), we say that the pair is reduced if r(x) = s(y) and y w = wy, so that x = x w w and y = w −1 y w . Let (x, y) w = (x w , y w ) be the reduction of (x, y) and note in particular that x w y w = xy.
If the pair (x, y) is reduced, then we set (x, y) w = (x, y).
Define now the multiplier τ on
and note that this definition coincides with the one explained in [16, Section 5] . Furthermore, let
and recall that the free nonabelian group on X, denoted F X , may be identified with the normal subgroup of G 1 * G 2 generated by X. Moreover, define a function β :
where q i belongs to X and p i is an integer, we set
We write σ = σ 1 * σ 2 and note that σ ∼ τ , σ |Gi×Gi = σ i and σ |FX ×FX = 1.
On the other hand, if σ is a normalized multiplier on G 1 * G 2 , we can define the restriction σ 1 on G 1 by
Similarly, we can define the restriction σ 2 of σ to G 2 . Next, define the function β : G 1 * G 2 → T by β(x) = 1 if l(x) ≤ 1 and else
Then σ is similar to σ 1 * σ 2 through β. Remark that every multiplier is similar to a normalized one. Therefore, every multiplier on G 1 * G 2 is similar to σ 1 * σ 2 for some normalized multipliers σ 1 on G 1 and σ 2 on G 2 .
We are now ready to prove the twisted version of [3, Theorem Now it is easily seen that the rest of the proof works with appropriate modifications. Then it is known that (see [16, Section 5] )
Example 4.4. As explained in Example 1.1 we have that for each natural number n, there exists a multiplier σ k on Z n × Z n such that C * (Z n × Z n , σ k ) ∼ = M n (C). One immediate consequence of Theorem 4.1 is that
is primitive for all j, k ≥ 2. More generally, it has recently been shown [10] that F 1 * F 2 is primitive whenever F 1 and F 2 are finite-dimensional C * -algebras and (dim F 1 − 1)(dim F 2 − 1) ≥ 2.
